The load-transfer efficiency of reinforcement, in cylindrical forms in metal-matrix composite (MMC), was analyzed based on the shear-lag model. Both the geometric shape and alignment of reinforcement were considered. The stress transferred to a misaligned whisker was calculated from differential equations based on the force equilibrium in longitudinal and transverse directions. A new parameter, defined as effective aspect ratio, was used to indicate the load-transfer efficiency of misaligned reinforcement. The effective aspect ratio was formulated as a function of aspect ratio and misorientation angle of reinforcement in MMC. A probability density function of misorientation distribution was used to estimate the strengthening effect of all misaligned whiskers distributed in the matrix. Considering the contributions of both effective aspect ratio and misorientation distribution on load-transfer efficiency, a generalized shear-lag model was proposed to explain the mechanical anisotropy of discontinuous reinforced MMC.
I. INTRODUCTION
Metal-matrix composites (MMCs) have the advantages of low density and improved stiffness and strength, and thus are attractive alternatives to high-strength lightweight Al and Ti alloys. 1 The advantages of MMCs compared to the monolithic alloys are the higher specific strength, specific modulus, and creep resistance with reasonable ductility. The addition of rigid reinforcement in a ductile matrix results in improved mechanical properties, such as tensile strength, elastic modulus, and creep resistance. Discontinuous silicon carbide-reinforced aluminum alloy composites have received considerable interest due to their excellent mechanical properties with cheaper cost compared to the continuous fiber-reinforced aluminum composite. 2, 3 Several researchers have investigated mechanical properties of discontinuous silicon carbide-reinforced aluminum matrix composites with a growing interest in MMCs for high-temperature structural applications. [4] [5] [6] [7] [8] [9] [10] The strengthening mechanism through the load transfer from matrix to reinforcement in composite materials has been formulated by the shear-lag model. [11] [12] [13] In the shear-lag model, the mechanical properties of composite can be expressed as a function of the volume fraction and aspect ratio of reinforcement. However, this approach gives a poor estimation of the strengthening effect in the case of short fiber or whisker-reinforced MMCs due to the contribution of load transfer from matrix to end surfaces of reinforcement. Nardone et al. 14 modified the shear-lag model for discontinuous reinforced composite by considering the load transfer from matrix to end surfaces of reinforcement in addition to side surfaces of reinforcement such as short fiber or whisker. Nevertheless, the modified shear-lag model still overestimates the yield strength in the longitudinal direction and underestimates it in the transverse direction, mainly because of the assumption of perfect alignment of reinforcement. 15 The short fibers and whiskers in extruded MMCs are not perfectly aligned in matrix but instead are misaligned with a range of misorientation angle from the extrusion axis. These misaligned short fibers and whiskers affect the load-transfer efficiency of reinforcement. Thus it is necessary to modify the shear-lag model for more accurate analysis of mechanical anisotropy in MMC. Recently, the load transfer and the strengthening effect of the misaligned reinforcement were extensively studied by using analytical models and finite element models in two-or three-dimensional cases with various kinds of matrix including metals and polymers. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] Especially, various analytical models, such as the shear-lag model and cylinder model, were introduced to analyze the elastic mechanical properties of misaligned or randomly distributed fiber-reinforced polymer matrix composites. [22] [23] [24] [25] However, in the case of MMC, it is necessary to consider the plastic deformation of matrix to explain the deformation behavior of composite. Also, the stress distribution obtained from the finite element analysis is too complex to estimate the effect of discontinuous reinforcements on plastic deformation of MMCs.
In this study, the load-transfer efficiency of misaligned whiskers or spherical particles distributed in MMCs was calculated. The contributions of the misorientation angle and aspect ratio of whiskers or particles to the load-transfer efficiency of MMC were analyzed. The theoretically calculated yield strengths were compared with the experimentally measured yield strengths of SiCw/Al MMC.
II. EXPERIMENTAL
The SiCw/2124Al MMCs were fabricated by the powder-metallurgy process using atomized 2124Al powders with an average diameter of 20 m and ␤-SiC whiskers with an average diameter of 1.5 m and an average length of 50 m. The SiC reinforcements and 2124Al powders were wet-mixed in ethanol under ultrasonic stirring conditions. The mixtures were dried and consolidated into cylindrical billets by hot pressing at 570°C with a pressure of 90 MPa under 1 × 10 −5 torr. The consolidated ingots of SiCw/2124Al composite were hot extruded with varying extrusion ratios of 25:1 at 500°C. The extruded bars were solution heat treated at 493°C for 3 h followed by aging at 192°C for 8 h.
The aspect ratios of reinforcement were measured from the extracted SiC phase by selectively dissolving the Al matrix of SiC/2124Al composite in NaOH solution. The distribution of misorientation angles of SiC whiskers in SiCw/2124Al composite was measured using an x-ray pole figure of (111) peak intensity of ␤-SiC whiskers from a sliced specimen cut perpendicular to the extrusion axis.
III. THEORETICAL MODELING OF LOAD TRANSFER IN METAL-MATRIX COMPOSITE

A. Shear-lag model
The strength of MMC reinforced with cylindrical whiskers was analyzed considering the load transfer from matrix to reinforcement using the shear-lag model. 11, 14, 16 For analysis by shear-lag model, there exists a basic assumption of perfect interface bonding between matrix and reinforcement. In the shear-lag model, a differential normal stress, d f , balances with a shear stress, i , on the circumferential surface of a thin slice, which is cut perpendicular to the loading direction, of a cylindrical whisker with length of 2L and diameter of 2r as shown in (1) can be derived from the force equilibrium between the stress in the whisker and the shear stresses on an interface,
When the stress transferred from the matrix to the end surface of a whisker is m , which is actually the stress applied on the matrix, integration of Eq. (1) using a boundary condition, i.e., f ‫ס‬ m at x ‫ס‬ L and x ‫ס‬ −L, gives a solution of normal stress, f , along the loading direction of the whisker.
If we consider that the matrix undergoes plastic deformation, the stress on the matrix, m , could be assumed to be the flow stress of the matrix. In this condition, the interfacial shear stress causing the load transfer is a constant value, which is generally assumed to be one half of flow stress of the matrix. 14, 15 Then, the average normal stress, f , in the loading direction of a cylindrical whisker is given by
where S is the aspect ratio of the whisker, which is defined as a ratio of length to diameter. Then the flow stress of composite reinforced with cylindrical whiskers is calculated using the rule of mixtures,
where V the matrix. Then, the yield strength of MMC can be obtained as a function of the volume fraction, aspect ratio of reinforcement, and yield strength of matrix from Eq. (4).
B. Analysis of load transfer to a misaligned cylindrical whisker
Considering a short fiber or whisker that has a misorientation angle, , to the loading direction while other conditions are the same as the case of aligned short fibers, the stress on reinforcement can be divided into two components, i.e., a longitudinal component and a transverse component with respect to the short-fiber direction. For longitudinal direction, a differential longitudinal normal stress, d f,l , balances with a longitudinal shear stress, i,l , on the circumferential surface of a thin slice, which is cut perpendicular to the longitudinal direction, of misaligned cylindrical whisker with length of 2L and diameter of 2r in MMC, as shown in Fig. 2(a) . Then, a differential equation can be derived from the force equilibrium between the longitudinal stresses on a whisker,
where d f,l is differential longitudinal normal stress and i,l is longitudinal shear stress. When the misorientation angle of a whisker is and the stress transferred from a matrix to the end surface of the whisker is m , which is actually the flow stress of matrix in the loading direction, an integration of Eq. (5) using a boundary condition, f,l ‫ס‬ m cos at x ‫ס‬ L and x ‫ס‬ −L, gives a solution of longitudinal stress, f,l , on the misaligned whisker:
As mentioned in Sec. III. A, if we consider the plastic deformation, the longitudinal interfacial shear stress is assumed to be one-half of the normal stress along the longitudinal direction, i.e., i,l ‫ס‬ m . Then the average stress, f,l , in the longitudinal direction of a misaligned whisker is given by
where S is the aspect ratio of the whisker, which is defined as a ratio of length to diameter. In the same way, a differential transverse tensile stress, d f,t , balances with a transverse shear stress, i,t , on the circumferential surface of a thin slice, which is cut perpendicular to the transverse direction, of cylindrical misaligned whisker as shown in Fig. 2(b) . Then, a differential equation can also be derived from the force equilibrium between the transverse stresses on a whisker,
where i,t is transverse shear stress at the circumferential surface of a thin slice of whisker and is a geometrically defined angle as shown in Fig. 2(b) . The differential transverse tensile stress can be expressed as in Eq. (9):
The integration of Eq. (9) using a boundary condition, f,t ‫ס‬ m sin at ‫,°09ס‬ gives a solution of transverse tensile stress, f,t , along the transverse direction of a whisker,
where y is the radial distance of a thin slice from the center of a whisker along the line AAЈ in Fig. 2(b) . To calculate the average transverse stress on a whisker, the stress multiplied by the sliced area, (2L)(2rcos), is integrated from the center to the surface and then divided by the integrated total surface area. Since the radial distance, y, is represented as rsin, dy is substituted by rcosd. Then the average transverse stress acting on a whisker can be formulated by the integration:
Assuming i,t ‫ס‬ m sin/2, Eq. (11) can be expressed as Eq. (12):
The average stress transferred to a whisker along the loading axis, f , can be calculated by the vector summation of average longitudinal stress, f,l , and average transverse stress, f,t as follows:
By using the rule of mixtures, the flow stress of MMC with misaligned whiskers is calculated as:
where V f and V m are volume fractions of whisker and matrix, respectively. In this case, the yield strength of the composite can be obtained; the same as for perfectly aligned MMC, by substitution of m with yield strength of the matrix in Eq. (14) . The difference in the flow stress between the composite reinforced by misaligned whiskers and the composite reinforced by perfectly aligned whiskers can be analyzed by comparing Eq. (14) with Eq. (4). The average aspect ratio of a whisker, S, in Eq. (4) is replaced by a function of aspect ratio and misorientation angle in Eq. (14) . Hence, a new parameter proposed as an effective aspect ratio, S eff , of a misaligned cylindrical whisker is defined as follows in Eq. (15):
(15)
C. Calculation of effective aspect ratio of distributed misaligned whiskers
All the whiskers in extruded MMCs are not aligned with the same direction; instead, they have a certain distribution of misorientation angles from the extrusion axis as shown in Fig. 3 . In Fig. 3(a) , the (111) pole figure of SiC whisker within the Al matrix shows a certain distribution around the extrusion axis. This distribution shows axial symmetry, and, by curve fitting as shown in Fig. 3(b) , an exponential function is adopted as a probability density function of misorientation distribution as follows:
where A is a preexponential constant, K is a constant dependent on the degree of alignment, and is a misorientation angle. Then, the effective aspect ratio of all misaligned whiskers along the longitudinal direction, S eff,l , can be calculated by integrating S eff ()F()2sin over the whole range of misorientation angles from 0 to /2 in the imaginary hemispheres with radius of unity as shown in Fig. 4(a) ,
where S eff () is the effective aspect ratio of a whisker with misorientation angle , F() is the probability density function of whiskers aligned with misorientation angle , and 2sind is the area of a shaded strip according to a misorientation angle between and + d as shown in Fig. 4(a) .
The effective aspect ratio of all misaligned whiskers along the transverse direction, S eff,t , can be calculated by the same procedure considering the three-dimensional alignment of whiskers. Figure 4 (b) shows a whisker misaligned by an angle from the transverse axis and an angle from the extrusion axis and rotated by the angle from extrusion axis. The three parameters, , , and , are the characteristic angles shown in Fig. 4(b) having a geometrical relationship each other as follows:
When the loading direction is transverse to the extrusion axis, the effective aspect ratio along the transverse direction can be expressed as a function of , which is a misorientation angle from the loading direction. Then, the effective aspect ratio along the transverse direction can be calculated by integration for the whole area of an imaginary hemisphere in Fig. 4(b) :
IV. RESULTS AND DISCUSSION
The conventional shear-lag model is based on the assumption that all whiskers are aligned parallel to the loading axis. In a real situation, however, the whiskers are generally misaligned with some angle from the loading axis and thus have lower load-transfer efficiency than perfectly aligned whiskers. The yield strengths in longitudinal and transverse directions were calculated by using the conventional shear-lag model and the generalized shear-lag model, and the difference in calculated yield strengths were analyzed. Figure 5 shows the variation of the effective aspect ratio, which is calculated using Eq. (15), of a misaligned whisker with varying the misorientation angle, , and the aspect ratio, S. The calculated effective aspect ratio decreases with increasing the misorientation angle from 0°t o 90°as shown in Fig. 5(a) . This result indicates that the load-transfer efficiency of a misaligned whisker decreases with increasing the misorientation angle from the loading axis. Figure 5(b) shows the variation of the effective aspect ratio of whiskers, misaligned with angles of 0°, 45°, and 90°, with varying the aspect ratio. The effective aspect ratio of a whisker aligned parallel to the tensile axis, i.e., misaligned with an angle of 0°, increases linearly with increasing the aspect ratio. On the other hand, the effective aspect ratio of a whisker aligned perpendicular to the tensile axis, i.e., misaligned with an angle of 90°, decreases with increasing the aspect ratio due to the reduced end surface area where the load transfer occurs. The effective aspect ratio of a whisker misaligned with an angle of 45°decreases with increasing the aspect ratio up to 0.7, and then increases with increasing the aspect ratio above 0.7. The effective aspect ratio of a whisker misaligned with an angle of 45°shows an intermediate value between the two effective aspect ratios of the whiskers misaligned with angles of 0°and 90°. The higher aspect ratio results in a higher effective aspect ratio along the direction parallel to the whisker axis, whereas it results in a lower effective aspect ratio along the direction perpendicular to the whisker axis. The difference in effective aspect ratios along the parallel and perpendicular directions to the whisker axis results in anisotropic mechanical properties of whisker-reinforced composites. In contrast, the particle-reinforced composites do not show anisotropic mechanical properties originated from the alignment of particles because the isotropic aspect ratio is independent on the direction.
A. Calculation of effective aspect ratio
B. Analysis of anisotropy in yield strength
The effective aspect ratios along the longitudinal and transverse directions can be calculated numerically by Eq. (17) and Eq. (19) as functions of the aspect ratio, S, and the constant dependent on the degree of alignment, K. Figure 6(a) shows the variation of the effective aspect ratios of whiskers along the longitudinal and transverse directions with varying the constant K when the average aspect ratio is a constant value of 4. The effective aspect ratio increases along the longitudinal direction, whereas it decreases along the transverse direction with increasing the constant K. When K is 0 in the case of randomly distributed whiskers, the effective aspect ratios should be identical in the longitudinal and transverse directions. The effective aspect ratio of misaligned whiskers is sensitively dependent on the degree of alignment in the matrix.
The yield strength of a MMC can be more accurately represented using the generalized shear-lag model by substituting the effective aspect ratio, S eff , for the average aspect ratio, S, in the conventional shear-lag model:
Then the ratio of yield strengths in the longitudinal direction to that in transverse direction is calculated as follows in Eq. (21):
The calculated ratio of yield strength in the longitudinal direction to that in the transverse direction is shown in Fig. 6(b) with varying the constant K for a MMC reinforced with 20 vol% SiC whiskers having an average aspect ratio, S, of 4. The anisotropy in yield strength increases with increasing the constant dependent on degree of alignment, K, as shown in Fig. 6(b) . The yield strength in the longitudinal direction is about 20% higher than that in the transverse direction if the constant K is larger than 4. Table I shear-lag model gives estimated yield strengths closer to the measured yield strengths in both longitudinal and transverse directions as shown in Table I .
V. CONCLUSIONS
The load-transfer efficiency of reinforcement in MMCs was analyzed based on the shear-lag model considering both the geometrical shape and alignment of reinforcement. The generalized shear-lag model on loadtransfer efficiency of distributed misaligned reinforcements in MMCs was proposed by formulating a new parameter, an effective aspect ratio, which is a function of aspect ratio and misorientation angle. The increase in average aspect ratio and degree of alignment resulted in an increase in load-transfer efficiency of a cylindrical whisker, whereas the load-transfer efficiency of a spherical particle was constant independent of the loading directions. The generalized shear-lag model gave more accurate estimations of yield strength and mechanical anisotropy of extruded SiCw/Al composite in longitudinal and transverse directions compared to the conventional shear-lag model. 
